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It has recently been shown by Shamash [4] that if (R, Bt) is a regular local 
ring of dimension n and if _a is an ideal in I? minimally generated by two 
elements in @a, then the factor ring R = &_a is either a complete intersection 
or the PoincarC series of R is given by 
where CL := dim, Ifi( k = R/g, K denoting the Koszul complex asso- 
ciated to the R-module k. 
Shamash proved that if R is not a complete intersection then K has trivial 
Massey operations and (1) follows by a general theorem due to Golod [2]. 
In this note we shall give a proof of the above result which is independent 
of the Golod theorem. The invariants Ci will be calculated explicitly and an 
improved version of the formula (1) will be established. 
Notations and Dejnitions. R will always denote a local, Noetherian ring 
with maximal ideal m and residue class field K. If a module M is annihilated 
by ZL, dim M will denote its dimension as a vectorspace over k. codim R will 
denote the common length of maximal R-sequences in m. Cf. [I]. 
R will be called a complete intersection if it is a factor ring of a regular local 
ring R modulo an ideal generated by an R-sequence (which may be the empty 
sequence). 
The Koszul complex associated to an R-module Rig will be the complex 
&....a defined in [I] x1 ,..., x, being a minimal set of generators for _a. 
The PoincarJ series of R is defined to be the powerseries 
P(R) = 2 b,ZP 
p=o 
where b, =- dim TorsR (k, k). 
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A resolution is said to be minimal if the underlying complex (F, d) has 
the property dF C @. 
IXMMA. Let R be a local ring and let K be the I(osxul complex associated 
to the R-nwdule k = R/m. If dim H,(K) = 2 then dim H,(K) = (f) for all i. 
I’roqf. Since the homology groups of the Koszul complex are invariant 
under completion of R with respect to the _m-topology, we may assume that A 
is complete. According to the Cohen structure theory we have 
R = @_a 
where (17, @) is a regular local ring and _a is an ideal contained in 3. 
Let J? be the Koszul complex associated to the a-module k ---- I?/‘@. 
There is an isomorphism of complexes 
Moreover since I? is regular, R is acyclic by Propositions 2.8 and 2.10 in [I]. 
Let F be a minimal R-free resolution of R. \Vc have the following isomor- 
phisms of graded k-modules 
H(K) * H(R @ R) w Tor “(K, R) 
m H(k$jF) =F@k (2) 
Now suppose that dim H,(K) = 2. It is well known that dim HI(K) equals 
the number of elements in a minimal set of generators for _a. This fact follows 
immediately from (2) since Fr @ k m a/ma. Let a, , a, be generators for _a. 
Since a is regular, it is a unique factorization domain, so a1 and a2 have a 
greatest common factor 24. Put 
a’ = (a,‘, a2’) where ai = ai’u for i = 1,2. 
Since a, , a2 generate _a minimally, a,’ and a2’ are non-units. One finds that 
a,‘, a2’ is an R-sequence and by Proposition 2.8 in [I] the Koszul complex F’ 
associated to the a-module &‘_a’ is a minimal resolution of Z?j_a’. Hence for all i 
we have 
dim Torfd (k, 8:~‘) = dim k 8F; = (3 . 
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However, multiplication by u gives an isomorphism a’ * _a which yields an 
isomorphism of graded R-modules 
Tar’ (K, &?/_a’) * Tar’ (k, R). 
From (2) and (3) it therefore follows that dim H,(K) = (2) for all i. 
?‘HEOKEM. Let R =-: l?(_a where I? is a regular local ring and _a an ideal 
generated by two elements. Let m be the maximal ideal in R and n = dim &r2. 
Then 
(i) n .- codim R < 2 and the follozing statements are equivalent: 
(ii) R is not a complete intersection. 
(iii) P(H) = ,“‘,“1”~ 2 . 
Proof. Let @ be the maximal idcal in Z? and let _a = (a1 , a2). If a, , aB is 
not a minimal set of generators for _a or if _n is not contained in e2 then R is 
a factor ring of a regular local ring modulo a principal ideal, in which case H 
is a complete intersection satisfying 
n --. codim R < 1. 
We assume that a is minimally generated by a, , a2 and that a C @“. Thus by 
a previous remark 
dim II,(K) =-_ 2 
and the lemma gives that i =-= 2 is the greatest integer for which H,(K) f 0. 
By the Auslander Buchsbaum characterization of codimension (Theorem 1.7 
of [Z]) it follows that 
n - codim R = 2 
so (i) has been established. 
We will now show the implication (ii) -> (iii). Suppose that R is not a 
complete intersection. Because of(i) we can apply Satz 9 in [3] and obtain 
P(R) - 
(l.,),, 
1 - +?2 -- (q - 1) X3 
where q = dim ffr(K). Since in our case E, =. 2, (iii) follows by cancellation 
of a factor (1 -;- Z). To prove the implication (iii) = (ii) we calculate the 
second deviation of R, c2 , which can be defined by 
e,=b,-bb,b2+2(b’;.l) 
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bi being the ith degree coefficient in P(R). (iii) gives E* = 1 and (ii) follows 
from the Assmus Scheja characterization of complete intersections as those 
local rings for which c2 = 0. Cf. Satz 8 in [3]. 
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